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Abstract 

A Lie group is called orthogonal if it carries a bi-invariant pseudo- 
Riemannian metric. Oscillator Lie groups constitutes a subclass of 
the class of orthogonal Lie groups. In this paper, we determine the 
Lie bialgebra structures and the solutions of the classical Yang-Baxter 
equation on a generic class of oscillator Lie groups. On the other hand, 
we show that any solution of the classical Yang-Baxter equation on an 
orthogonal Lie group induces a flat left invariant pseudo-Riemannian 
metric in the dual Lie groups associated to this solution. This metric 
is geodesically complete if and only if the dual are unimodular. More 
generally, we show that any solution of the generalized Yang-Baxter 
equation on an orthogonal Lie group determines a left invariant locally 
symmetric pseudo-Riemannian metric on the corresponding dual Lie 
groups. Applying this result to oscillator Lie groups we get a large 
class of solvable Lie groups with fiat left invariant Lorentzian metric. 



1 Introduction and main results 

The notion of Poisson-Lie group was first introduced by Drinfeld [8] and 
studied by Semenov-Tian-Shansky [2l] (see also [15] ) . It is known that every 
connected Poisson-Lie group arises from a Lie bialgebra and an important 
class of Lie bialgebras, the coboundary Lie bialgebras [9], are obtained by 
solving the generalized Yang-Baxter equation. Recall that a Lie bialgebra is 
a Lie algebra q together with a linear map £ : q — > A 2 q such that: 

1. £ is a 1-cocycle with respect to the adjoint action, i.e., 

£{[u,v]) = &d u £(v) - ad„£(u); (1) 

2. the bracket [ , ]* on the dual q* given by 

[a,0\*(u)=£(u)(a,P), u£ Q ,a,/3£Q* (2) 
satisfies the Jacobi identity. 
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A Lie bialgebra (g, £) is called coboundary Lie bialgebra if there exists r G 
A 2 g such that, for any u € 0, £(u) = ad u r. In this case, the condition ([1]) is 
automatically satisfied and ([2]) holds if and only if r satisfies the generalized 
classical Yang- Baxter equation: 

ad u [r,r]=0, VuGg, (3) 

where [r, r] £ A 3 g is the Schouten bracket (see [10] for instance). A solution 
of the classical Yang-Baxter equation is a bivector r G A 2 g satisfying 

[r, r] = 0. (4) 

Bellavin and Drinfeld gave a classification of the so-called quasi-triangular 
Lie bialgebras on simple complex Lie algebras (see [2] ) . In [6] , Delorme clas- 
sified Manin triples (Lie bialgebras's equivalent) on reductive complex Lie 
algebras. In [26J, Poisson-Lie structures on Heisenberg groups were classi- 
fied. 

In this paper, an oscillator group is a real simply connected Lie group which 
contains a Heisenberg group as a normal closed subgroup of codimension 

I. The four dimensional oscillator group has its origin in the study of the 
harmonic oscillator which is one of the most simple non-relativist systems 
where the Schrodinger equation can be solved completely. In [25], Streater 
described the representations of this group. Oscillator groups of dimension 
great than four have interesting features from the viewpoints of both Differ- 
ential Geometry and Physics (see for instance [HI [13 El EQ IISI [23] ) . InpT] 
Medina proved that they are the only non commutative simply connected 
solvable Lie groups which have a bi-invariant Lorentzian metric. 

In what follows, we study Poisson-Lie structures on oscillator groups. 
Indeed, we determine the Lie bialgebra structures and the solutions of the 
generalized classical Yang-Baxter equation on a generic class of oscillator 
Lie algebras (see Theorems ll.im.2p . We also show that any solution of the 
classical Yang-Baxter equation on a Lie group endowed with a bi-invariant 
pseudo-Riemannian metric induces a flat left invariant pseudo-Riemannian 
metric on the dual Lie groups of G associated to the solution (see Theorem 

II. 3|) . Applying this result to oscillator Lie groups we get a large class of 
solvable Lie groups with flat left invariant Lorentzian metric. More generally, 
it is shown that any solution of the generalized Yang-Baxter equation on 
an orthogonal (or quadratic) Lie group determines a left invariant locally 
symmetric pseudo-Riemannian metric on the corresponding dual Lie groups. 

Note that our results imply interesting geometric properties on oscillator 
manifolds (quotient of oscillator groups by lattices) which constitute a large 
class since the conditions of existence of lattices on a given oscillator group 
can be fulfilled easily (see [18]). 

Let us now recall some facts and state our main results. 
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For n € N* and A = (Ai, . . . , A„) G K™ with < Ai < . . . < A n , the 
A-oscillator group, denoted by G\, is the Lie group which the underlying 
manifold M 2n+2 = I x I x C and product 

/ 1 n 

(t, s, z).(t' , s', z') = I t + i', s + s' + — Imzjexp(it\j)zj, . . . , Zj + exp(itXj)z'j, . . . 
\ i 1 

The Lie algebra of G*a, denoted by Q\, admits a basis B = {e_i, eo, e^, ej, } i=1 n 
where the brackets are given by 

[e-i,ej] = Xjej, [e_i, e^] = -A^-, [ej,ej]=eo. (5) 

The unspecified brackets are either zero or given by antisymmetry. 

We call G\ or q\ generic if, < Ai < . . . < A n and, for any 1 < i < j < 
k < n, Afe 7^ Aj + Aj. 

We shall denote by S the vector subspace of 0a spanned by {ej, ej}j = i ; ... in 
and by a; the 2-form on £a given by 

z e _ 1 a; = i eo oj = 0, w(ej, ej) = u>(ej, e^) = and w(ej, ej) = <5y. 

The restriction of a; to 5 is a symplectic 2-form and, for any u,v G S, 

[u,v] = oj(u,v)e . (6) 

Moreover, S is invariant by the derivation ad e-1 and we have 

uj(ad e _ 1 u, v) + uj(u, ad e _ 1 v) = u,v £ S. (7) 

Notations. For any ri,r2 G A 2 gA, let co ri r2 be the element of A 2 cja defined 
by 

w ri>ra (a,/3) = -(w(ri # (a),r 2# (/3))+a;(r2 # (a),ri # (/3)), 

where rj# : g A — > Q\ is the endomorphism given by /3(r^(a)) = rj(a, j3). 
We denote (improperly) by A 2 S the space of r G A 2 0a satisfying r#(e*_i) = 
r #(eo) = and by S 1 * the subspace of g* x of a such that a(e_i) = a(eo) = 
and we define e*_ 1 ,e$ G Q* x by el-^ = e^g = 0, el 1 (eo) = eg(e_i) = and 
e* ^e-i) = e2(e ) = 1. We have clearly q* x = Reti © © S*. Finally, for 
any endomorphism J of gA, we denote by jt the endomorphism of A 2 £Ja, 
given by 

A(a, p) = r(J*a, /?) + r(a, J*/?), 
where J* : q* x — > q* x is the dual of J. 

We have: 
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Theorem 1.1 Let Q\ be a generic oscillator Lie algebra. Then £ : q\ — > 
/\ 2 Q\ defines a Lie bialgebra structure on Q\ if and only if there exists r G 
A 2 S, uq G S and a derivation J : Q\ — > Q\ commuting with ad e _ 1 and 
satisfying J(e_i) = J(eo) = such that, for any u G Q\, 

£{u) = ad+r + 2e A ((J + ad uo ){u)), 

and 

^,adt_ ir -( jt ° ad L)r = 0. (8) 

Moreover, in this case, the Lie bracket on g* x defined by |2J) is given by 
[e*, a]* = 2J*a - 2(ad*_ 1 a)(w )e* x + 

[a,/3]*=adL 1 r(a,/3)eI 1 , 1 J 

where a,(3 £ S* and e*L 1 is a central element. 

From the expression of the brackets above, we can deduce immediately the 
following result. 

Corollary 1.1 Let g\ be a generic oscillator Lie algebra and = ad^r + 
2eo A ((J + ad Uo )(u)) a Lie bialgebra structure on g\. Denote by 2p the 
dimension of the kernel of the restriction of adJ e r to S* . Then (q* x , [ , ]*) 
is isomorphic to the semi-direct product o/ReQ by the ideal %2(n-p)+i ©R 2p 
where %2(n-p)+l is the 2(n — p) + 1-dimensional Heisenberg Lie algebra, 
R 2p the 2p- dimensional Abelian Lie algebra and the action of eg is given by 
the first relation in In particular, (g^, [ , ]*) is solvable. Moreover, 

(Q*\, [ , ]*) ^ unimodular iff Ya=i r ( e »> &i) = °- 

Theorem 1.2 Let Q\ be a generic oscillator Lie algebra. Then: 

1. A bivector r G A 2 0a is a solution of the generalized Yang- Baxter equa- 
tion if and only if there exists uq G S, ro G A 2 S and a G K such that 
r = 2aeo A e_i + eo A uq + ro and 

^ad^ro + "O^L ° ad e-J r = 0. (10) 

2. A bivector r G A 2 qa is a solution of the classical Yang-Baxter equation 
if and only if there exists uq G S, ro G /\ 2 S and a £ 1 such that 
r = aeo A e_i + eo A uq + ro and 

w ro ,r + aadj^ro = 0. (11) 
There are some comments on Theorems 1 1 . ltfL2l 



4 



1. Theorems ll.HfL2l reduce the problem of finding Lie bialgebras struc- 
tures or solutions of Yang-Baxter equations on a generic oscillator Lie 
algebra to solving ([8|), (fTUj) and (fTT|) , Or these equations involve only 
the symplectic space (S,cj) and the restrictions of the derivations J 
and ad e _ 1 to S. Note that the space of derivations of Q\ satisfying 
J(eo) = J(e_i) = is isomorphic to the space of endomorphisms of S 
skew-symmetric with respect to u. 

2. In Section^ we give the solutions of flSJ), (fTUj) and (flTp when dim Q\ < 6 
(see Propositions I3.lti3.2p . To solve those equations in the general 
case is very difficult, however we will give in Section [3] a large class of 
solutions. 

3. On a general oscillator algebra (not necessary generic), the 1-cocyles 
satisfying the conditions of Theorem 1 1 . 1 1 (resp . the r satisfying the con- 
ditions of Theorem ll.2p defines a large class of Lie bialgebras structures 
on Q\ (resp. a large class of solutions of the generalized Yang-Baxter 
equation on Q\). 

4. When a = 0, ro is a solution of (jlip if and only if Imro# is an even 
dimensional anisotropic subspace of S. 

Conversely, let F be an even dimensional anisotropic subspace of S. 
Choose a nondegenerate skew-symmetric 2-form /i on F and define 
r G A 2 g A by 

r (a,P) = P oi*(a)) , 

where i : F — > Q\ is canonical inclusion and //# : F* — > F the 
isomorphism associated to fi. One can check easily that ro is a solution 

of dnj. 

The second part of our study involves bi-invariant pseudo-Riemannian 
metrics on Lie groups and solutions of the generalized Yang-Baxter equation. 

Let (G, k) be a Lie group endowed with a bi-invariant pseudo-Riemannian 
metric. The value of k at identity induces on the Lie algebra g of G an adjoint 
invariant non degenerate bilinear symmetric form ( , ). Such a Lie algebra 
is called an orthogonal (or quadratic) Lie algebra. For instance, semi-simple 
Lie algebras and oscillator Lie algebras are orthogonal (see |17j). 
Let r be a solution of © on an orthogonal Lie algebra (g, ( , )). Then r 
defines on g* a Lie bracket by 

[a, f3] r = ad; #(/3) a - ad* r#(a) (3. (12) 

Consider the bilinear form on g* given by 

{a,P)* = {<F\a),<F 1 {P))> 

where <j>(u) = (u, .). 

Let us denote by G* a Lie group with Lie algebra (g*, [ , ] r ), by k* the left 
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invariant pseudo-Riemannian metric whose value at the identity is ( , }* 
and by V* its Levi-Civita connexion. With the notations above, we have 
the following result. 

Theorem 1.3 Let (G, k) be a Lie group endowed with a bi-invariant pseudo- 
Riemannian metric and let r be a solution of ^ on G. Then: 

1. (G*,k*) is a locally symmetric pseudo-Riemannian manifold, i.e., 

V*R = 0, 

where R is the curvature of k* . Ln particular, R vanishes identically 
when r is a solution of |^J). 

2. Lf k* is flat then it is complete if and only if G* is unimodular and in 
this case G* is solvable. 

In [16] Theorem 3.9, Medina an Revoy obtained a similar result as The- 
orem 11.31 when r is an invertible solution of . For more details on left 
invariant metrics on quadratic Lie groups see [5]. On the other hand, the 
results above complete the results obtained by Bordemann in [3]. 

There are some consequences of Theorem 11.31 As above (G, k) is a Lie 
group endowed with a bi-invariant pseudo-Riemannian metric, (0, ( , )) its 
associated orthogonal Lie algebra and r G A 2 g. 

1. If r is a solution of and k is definite (for instance, k is the Killing 
form of a semi-simple compact Lie group) then, according to a result 
of Milnor |20| , q* is a semi-direct product of two Abelian Euclidian Lie 
algebras, one of them acting on the other by infinitesimal isometries. 

2. If r is a solution of flU), the sequence 

— > ker r# — > Q* — > Imr# — > 

is an exact sequence of Lie algebras with ker is an abelian ideal of 
0* and Imr# is a symplectic Lie algebra. In particular if G is solvable 
then G* is solvable. The sequence is also a natural exact sequence of 
left symmetric algebras (see [161). 

3. We can paraphrase a part of Theorem 11.31 as follows: Any symplectic 
Lie subgroup S of an ortogonal Lie group (G, k) determines an unique 
simply connected Lie group G* such that the left invariant pseudo- 
Riemannian metric k* is flat. For example, the affine group S = 
Aff(n, R) is a symplectic Lie subgroup of the orthogonal Lie group 
G = GL(n + 1,R) . Hence there is a simply connected Lie group dual 
of G endowed with a flat left invariant peudo-Riemannian metric non 
complete. 
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4. Any solution of ([3]) (resp. @) on a reductive or semi-simple Lie group 
gives rise to a locally symmetric (resp. flat) left invariant pseudo- 
Riemannian metric on the dual groups. 

5. Recall that a Lie group can carry many several orthogonal structures 
non isomorphic. This is the case, for example, if the groupe is semi- 
simple an non simple. Consequently the dual Lie groups of G can be 
have many flat left invariant pseudo-Riemannian metrics. 

6. As shown by Medina in [T7j, oscillator Lie algebras are orthogonal. 
Indeed, for x £ Q\, let 

n 

x = x_ie_i + x e + ^2 (xiei + x^i) . 

i=l 

The nondegenerate quadratic form 

n 1 

k x (x,x) :=2x- 1 x + {xj + xf) (13) 

i=i 

defines a Lorentzian bi-invariant metric on G\. According to Theo- 
rem [L3l any solution of (J3]) (resp. (JH)) on G\ gives rise to a locally 
symmetric (resp. flat) left invariant Lorentzian metric on the dual 
group. 

The paper is organized as follows: Section[2]is devoted to the study of Lie 
bialgebras structures on oscillator Lie algebras and culminates by proving 
Theorems 11.1111.31 In Section [31 we give the solutions of (jSJ) , ([TO]) and (jTTJ) 
when dimg^ < 6. In section 01 we illustrate Theorem 11.31 bv building an 
example of a complete 6-dimensional Lie group endowed with a left invariant 
flat Lorentzian metric. Moreover, since the Killing form of <SX(2,IR) is non 
degenerate Lorentzian, we give the solutions of ([U on SX(2,R) and we give 
the associated flat Lorentzian dual groups. 

2 Lie bialgebras structures on oscillator Lie alge- 
bras 

This section is devoted to the study of bialgebras structures on oscillator 
Lie algebras. It culminates with a proof of Theorems II. llfl~3l 
Let B* = {el 1 ,e^,e*,e*} i=1 n be the dual basis of B. From ©, we get 
that the non vanishing ad*a with u G B and a 6 B* are 

— \&i i a d e i ej = Aje*, 
e*, ad:.e* = -\e*_ x , (14) 
-e*, ad^e* = V-i- 



a dg, e o = 
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An important class of 1-cocycles are the coboundaries, i.e, £ : 0a — > 0A A 0a 
such that, for any u € 0a, £(u) = ad^r where r € 0a A 0a- In this case, the 
bracket defined by ([2]) is given by 

[a, /3}* = ad; #(/3) a - &d* #{a) /3, a,/3<= g* x . 

In the proof of Theorem 11,11 we need to compute the expression of this 
bracket in the basis B*. A direct computation using (j!4[) gives: 

( r 



_ 1} a\* = -ad; #(eli) a, a £ g* x , 

n 

£ 



[e* ,e*]* = -AiKeS.eDelj + \ir(e* , e*_ x )e* + H<,e*)e* ~ r{e*,e*)e*) , 



[eS, e*}* = \ l r(e* , e*)e* x - X t r(e* , elje* + £ (r(e|, e*)e* - r(e|, e*)e*) , 

[e*, e*]* = f- V(e*, e*) - A^e*, e*)) e*_ x + AiKe^, e*)e| + X jr (e*, e^e* 
[el e*]* = (- V(e*, e*) + A i? -(e*, e|)J e *_ x + \r{e*_ lt e*)e* - A^e*, e* ^ 
[e*,e*]* = (A l r(e*, e*) + A,r(e*, e*)) e* x - A l r(e*_ 1 , e*)e* - A,r(e*, e* x )e}. 

(15) 

Notation. For any linear map £ : 0a — > 0a A 0a and for any i,j = 
l,...,n, we denote by a_i,o, «-m, a-i,;, a ,i, «Q,i, Kj, the 

elements of 0^ whose values at u € 0a are given by 

a-l,o(n) = ^(^(el^eo), a-i,i( u ) = £(«)(e!.i, e*), d_i,i(u) = £(«)(ela, e* ), 
ao,i(«) = C(")(eo,e*), a 0ii (u) = £(u)(e* ,e*), 
Kj( u ) = £( u )( e I, e j), kj(u) = £(u)(e*,e!-), c id (u) = £(u)(e*,e*j). 

Proposition 2.1 Let £ : 0a — > Q\ A 0a fre a 1-cocycle with respect to the 
adjoint action. Then £(eo) = 0. 

Proof. Since eo is a central element in 0a, the cocycle condition implies 
ad u £(eo) = 0, for any u € 0a- Hence, by using CEU), we get, for i,j = l,...,n, 

= ad ei £(e )(eo,e*) = £(e )(ad*.eo, e*) + £(e )(e^ ad^e*) = -X i ^(e )(e* ,e*_ 1 ), 

= ad ei £(e )(eo,el 1 ) =£(e )(ad*.eo,el 1 ) =£(e )(e*,el 1 ), 

= ade l £(e )(e5, e* x ) = £(e )(ad|.e£, e*_ x ) = -£(e )(e*, elj), 

= ad ei £(e )(e^, e*) = £(e )(ad*.e;$, e*) = £(e )(e*, e*), 

= ad e _ 1 £(e )(eo,e*) = £(e )(eo,ad*_ 1 e*) = -Ai£(e )(eo,e*), 

= ad e _ 1 £(e )(e^,e*) = £(e )(e£, ad^ef) = Ai£(e )(e£, e|), 

= ad ei £(e )(eo,e*) = £(e )(ad*.eo, e^) + £(e )(eo, ad*.e|) = £(e )(e* , e*), 

= ade l £(e )(eo,e*) = £(e )(ad|.eo, e*) + £(e )(eo, ad^e*) = -£(e )(e| , e*), 

which shows that £(eo) = 0. □ 



8 



Proposition 2.2 Let £ : q\ — > Q\ A Q\ be a 1-cocycle with respect to the 
adjoint action. Then, for any i,j = l,...,n with i ^ j, 

bij(ei) = bij(ej) = 0, 
= ~bij(ej) = 0. 

Proof. Let i, j = 1, . . . , n with i ^ j. The cocycle condition, Proposition 
EU © and CED imply 

= ade i £(e i )(eo,e*) - ade j £(e i )(eo,e*) = e*) + £(e;)(e*, e*) 

= ade i £(e i )(eo,e*) - ad ej f (ei)(eo, e*) = -£(ej)(e*, e*) - £(e;)(e*, e*) 

= ad ej £(e i )(eo,e*) - ad^f (e^eg, e* ) = fC^)^, ej) + £(ej)(e$, e*) 
= — c 'i,j{&j) ~ bi,j{ej). 

We deduce that bij(ei) = Cjj(ei) = Cij(ej) = 0. On the other hand, 

= ad e< £(ej)(eo,e*) - ad e ^(ei)(eo, e-) = £(&,-)(e*, e*) - £(ej)(e*, e*) 

= ad ei £(e,)(eS,e*) - ad g .£( ei )^, e*) = e*) + £( ei )(e*, e*) 

= ade j £(e j )(eo,e*) - ade^e,)^, %) = -£(ej)(e*,e*) - C(ej)(e*,e*) 

Thus bij(ei) = Cjj(ei) = Cij(ei) = 0. To complete the proof, we need to 
show that Cj 5 j(e_i) = 0. Indeed, by applying ([1]), respectively, to (e_i,ej) 
and (e_i,ej), we get 

^(ei)(e* ,e*) = ad e _ 1 £(e i )(eo, e* ) - ad e ^(e^i)(e* , ef) 

= -A^^e*)-^)^*), 

-Aj£(ei)(eo,e*) = ad e _ 1 £(e i )(eo, e*) - adg^(e_!)(eo, e|) 

= A i £(e i )(e$,e*)+e(e_i)(e*,e*). 

Hence 

Ci,i(e_i) = Ai(a ,i(ej) + a ,i(ej)) = -Ai(a ,j(ei) + a ,j(ej)), 

and then Cj 5 j(e_i) = 0. □ 

Proposition 2.3 Let £ : Q\ — > Q\ A Q\ be a 1-cocycle on Q\ with respect 
to the adjoint action and let k, I = 1, . . . , n. Then, for any 1 < j < n such 
that j ^ k and j / I, we have: 
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1. if Xj ^ Xk + Xi and Xj \Xi — X k \, then 

b k ,i( e j) = h,0i) = b k,i{ e i) = ~ b k,i{zj) = c k ,i(ej) = c k> i(ej) = 0; 

2. if Xj = X k + A;, then there exists a,b 6R such that 

(bk,i{ e j)> c k,i( e j)> c iA e j)ibk,i( e j)) = (-a,b,-b,a) 
(bk,i(^j)^ c k,i(^j)^ c iM^j)^k,i(^j)) = (~b,-a,a,b); 

3. If Xj = | A; — Afc|, then there exists a,b € K such that 

(bk,i(ej),Ck,i(ej),ci jk (ej),bk,i(ej)) = (a,-b,-b,a) 
(bk,l(ej),c k ,i(ej),ci >k (ej),bk,i(ej)) = (b,ea,ea,b), 

where e is the signe of A; — X k . 

Proof. By applying ((TJ) to (e_i,ej) and (e_i,ej), we get 

ade_i^(ej) - ad e ^(e_i) = A-^e,) 
ad e _ x ^(ej) - adg^(e-i) = -XjC(ej). 

By evaluating these relations, respectively, on (e£, e*), (ejjl, e*), (e£, e*), (e£, e*), 
we deduce 



Aj£(ej) 


/ * * \ 
l e fc' e l ) 


= -X k £(ej)(e%, el) - X^(ej)(e* k , el) 


AiCfe) 


f * 5* \ 


-X k ^ ej )(e* k ,el) + X^{ej)(el,el) 


AjC(ej) 


( e *» e l) 


= X k £(ej)(e* k , el) - X^(ej)(e* k , ef), 


AjC(ej) 




= Afc£(e;)(e£,gf) + A^)^, e z *), 


AjC(ei) 




= -A fc ^(e j )(efc, ef) - Xi£{ej)(e* k , e*) 






-AfeC(ei)(efe ! e?) + A^(e J )(e^er) 


M( e i) 




= A fe ^(e j )(efc, e*) - A^(e i )(4, ef), 




( e fe> e /J 


= ^ki{ej)(el,el) + X^e.W^el). 



These relations can by written 

BX = -XjX and BX = XjX. (16) 

where 



/ 





A/ 


Afc 





\ 




-A/ 








AA: 






— Afe 








x, 




V 





— Afc 


-Aj 





/ 



X = (b k ,i(ej),c k ,i(ej), -c l:k (ej),b k: i(ej)) andX = (b kil (ej) , c k j(£j) , -c ltk (ej),b k ,i(ej)). 
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The equation (|16j) implies that 

B 2 X = -X 2 X and B 2 X = -AfX. 

Now the eigenvalues of B 2 are —(A; — Afc) 2 and —(A; + Afc) 2 and the corre- 
sponding eigenspaces are span{(l, 0, 0, 1), (0, —1, 1,0)} and span{(— 1, 0, 0, 1), (0, 1, 1, 0)}. 
Hence 

1. If A 2 ^ (Aj + A fc ) 2 and A 2 + (Aj - A fc ) 2 then X = X = 0. 

2. If Aj = | A/ - Afc | then 

X = a(l, 0,0,1) +6(0,-1,1,0), 
X = a(l, 0,0,1) +6(0,-1,1,0) 



and (fTUj) is equivalent to (Aj — Afc)a = —\jb and (Afc — A/) 
and we get the desired relation. 



-\fa 



3. If Aj = A; + Afc then 

X 
X 



a(-l, 0,0,1) +6(0,1,1,0), 
d(-l, 0,0,1) +6(0,1,1,0) 



and (fTB"|) is equivalent to a = — 6 and 6 = d and we get the desired 
relation. □ 

Proposition 2.4 Lei £ : 0a — > Q\ be a 1-cocycle on Q\ with respect to 
the adjoint action. Then for any 1 < i, j < n, 



a-l,o(e-i, 
Cj,i(e_i) 

ao,i( e i) 
ao,i(&i) 

bij(e-i) 

Cj,i( e -i) 
Ci,i(e-i) 



0. 

0, 

-oo,i(e»)> 

Ajd ,j(ej) - Aiooj(ei), 
AjOo,j(ej) — Ajdo,j(ej), 



AjOo, 



e,; 



+ Ajdo 



■Aido,j(ej) — AjOo,j( 



e,: 



Proof. Let i 7^ j. By applying ([I]) to (e_i,ej) and (e_i,ej), we get 



ad e _ 1 £(e i ) - ad 6i £(e_i) = Ai£(ej), 
ad e _ 1 £(ei) - ade t £(e_i) = -Aif (e*). 
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The evaluation of these two relations, respectively, on (ej, e*), (eg, e*-), (eg, e*), (eg, e!-) 
gives 



Ci,i(e_i) 


= Aj(a ,i(ei) + a ,j(ei)), 


c i,«( e -i) 


= Aiaoj(ei) + Ajdoj(ei), 


a-i,o(e-i) 


= ao,i(ej) - 6o,i(ej), 


&i,j( e -l) 


= Ajaoj(ej) — Aj6o,j(ej), 


a-i,o(e-i) 


= 6o,i(ei) - ao,i(ej), 


6ij(e-l) 


= Ajaoj(ej) — Ajaoj(ej), 


Ci,i(e_i) 


= -Aj(a ,i(ei) +a ,i(ej)) 


c ij( e -l) 


= — Ajaoj(ej) — \jaoj(ei 



and the proposition follows. 



□ 



Lemma 2.1 Lei £ : 0a — > 0A A 0a be a bialgebra structure on q\. Then 
e*_ x is a central element of the dual Lie algebra q* x . 

Proof. Remark that e*_ x is a central element if and only if a_x,o = 
a-i^ = = for i = 1, . . . , n. 

Note first that, according to Proposition 12.11 a_i ) o(eo) = a_i ) j(eo) = 
a-i,i(eo) = for i = 1, . . . ,n. 

Let 1 < i, j, k < n such that i ^ j. By using the 1-cocycle condition, ([5]) 
and (THl) we get 



= ad ei £(ej)(e|, e* k ) - ad e ^{ei)(e*,e* k ) = -A i £(e i )(el 1 , e%) = -A i a_i jfc (e i ), 

= ad 6i £(e i )(e*,e*) - ade j £(e i )(e*, e*) = -A i £(e j )(el 1 , e*) = -A;a_ M (e.,), 

= adg^(e i )(efc, e|) - ad^f (ei)(e£, e*) = \&{ej)(e%, e*_ x ) = -A i a_i ifc (e j ), 

= adg i £(e i )(e*, e*) - ad e .£(e;)(e*, e*) = A^e^e*, e*_ x ) = -Ajd_ M (e.,-). 



Thus Q!_i ifc (e 3 -) = a-x,%{ej) = d_i )fc (e 3 -) = d_i ii (e J ) = 0. 
On the other hand, 

= ad ej £(ej)(e*,e*) - ad 6i £(e i )(e*, e*) = -A i £(e i )(el 1 , e*) + A i £(e i )(e*, eljj 

= -A 3 -d_i ) i(ei) - Ai&_ij(e 3 -), 
= ade^^)^*^*) - ade^(ei)(e*,e*) = -A^Xe^, e*) + A^e;)^, e*) 

= -\ia-ij(ej) + Ajd_i ) i(e i ), 
= adg J £(e i )(e*,e*) - ad Ej £(e i )(e*,e*) = A i £(e i )(e*, el^ + A j £(e j )(el 1 , e*) 

= -V" i„i'./' + A i"-i,i(ei)- 



We deduce that a_i ; j(ej) = d_i j i(ej) = and hence 



a-i,i(. e -i) e -i 



and 



L e -1) e i 



d-i.ife-ije!.!. 



(17) 



To complete the proof, we will show that a_i ) j(e_i) = d-i^e-i) = and 
«-i,o = 0. 
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Since £ is a bialgebra structure, the dual bracket satisfies the Jacobi 
identity. Let us apply this identity to e*_^ eg, e* for i = 1, . . . , n. We have 

[[el 1 ,e5]* j ej , ]*(e i ) = a_i, (e_i)[e* l5 e*]*(ei) + a_i j0 (ei)[e*, ) 

+ ^a-i,o(e i )[e} 5 e*]*(ei) + ^a_i )0 (ej)[ej,e*]*(e i ) 

= -a-i,o(ei)ci,i(ei) + ^ Qf -i,o( e j)fcj,i(ei) ~ ^ a -i,o (^3)^,3 ( e i 

3 jV« 

= — a_i ) o(ei)cj i i(ej) (see Proposition 12. 2p . 



LLei , e_ x J ,e J = -a_; M (e-.i)[e_ 1 ,e J , 

The last equality is a consequence of the fact that £(eo) = and (|17j) . Hence, 
the Jacobi identity implies 

«-i,o(ei)ci,i(ei) + a_i ) i(e_i)a_i i o(ei) = 0. 

Now 

Ci,t(ei) = £(ei)(e*,e*) ® -£(e i )(ad| i eo,e*) 

= -ade l £(e i )(eo,e*) ffl -ad ei £(ei)(eS, e* ) 

= -Aia_i j0 (eiJ, 

a-i,i(e_i) = £(e_i)(el 1 ,e*) = -£(e_i)(el 1 ,ad|.eo) 

= -ade i £(e_i)(e* 1 ,eo) ® - (ad e _ 1 £(e i )(el 1 , ej) + A i £(e i )(e!_ 1 , e|$)) 
= -Aia_i j0 (ei). 

Hence (a-i > o(e i )) 2 +(a-i > o(e i )) 2 = 0, and then a_i )0 (ei) = a_i )0 (ei) = 0. 
Note that we have also shown that 

<H,i(ei) = a- 1} i{e-x) = 0, (18) 

and in the same way we can show that 

Ci,i{h) = a-i,i(e_i) = 0. (19) 

To complete the proof, note that a_i 5 o(e_i) = according to Proposition 
1231 □ 



Proposition 2.5 Let £ : — > Q\ A 0a be a bialgebra structure on Q\. 
Then, for i,j = l,...,n with i 7^ j, 

h,j(e-i) = bij(ei) = bij(ej) = b it j(ej) = 0, 
bij(ei) = bi,j(ei) = kj(ej) = &»j(ej) = 0, 
(Hjyfii) — — ^,3(^3) — (f'j) — 0' 



13 



Proof. The vanishing of c^j is a consequence of Propositions 12 . Ill2 . 2 1 and 

(HHD-dED. 

Note that in Proposition 12.21 we have shown 

bi,j(ei) = bij(ej) = Cijfa) = Cjj(ej) = &ij(ei) = &ij(ej) = 0. 

On the other hand, by using (pQ) and (f!4|> . we get 

ftij(ei) = £(gi)(ej,e2) = -£(£)(eJ,adg j eo) 

= -ade^(ei)(e*,eo) = -ade^(ej)(e*, eg) 
= -A^(e,)(eIi,eS) = 0. 

The same calculation gives the other relations. □ 
We end this section by proving Theorems ll.ltil.31 
Proof of Theorem 11.11 

Suppose that £(u) = ad^r + 2eo A ( J + ad Uo )(u). Since eo is central and 
J + ad M0 is a derivation, £ is a 1-cocycle with respect to the adjoint action. 
Remark that for any u € 5a an d any a € 0a, r(ad*eQ, a) = i r# ^uj(u). From 
this relation and by a straightforward computation one can show that the 
bracket on g\ associated to £ is given by Moreover, £ defines a Lie 
bialgebra structure on 0a iff this bracket satisfies Jacobi identity which is 
equivalent to 

[eS, [a, /3ff + [«, \J3, e* }*}* + % [e* , a]*]* = 0, 
for all a,P€ S*. Now [e* , [a, /?]*]* = and 

[a, [P, e*]*]* = ~2[a, J* ft]* - [a, i^u]* (J*P, v^w E 5*) 
= - 2 (a4_ 1 r)(a ) J*P)e*_ 1 - (adj_ 1 r)(a, v #(/3) a;)el 1 
= -2(a4_ 1 r)(a, J*/3)e* i - u;(r # (/3), (adL 1 r) # (a))el 1 . 
En conclusion the Jacobi identity holds iff 

w((adL 1 r) # (a), r # 09)) + w(r # (a), (ad+_ 1 r) # C9)) - 2(J* o adL>(a, p) = 

which is equivalent to (JHJ). 

Conversely, suppose that 0a is generic and £ is a Lie bialgebra struc- 
ture on 0a- By gathering all the relations shown in Propositions I2.1H2.5I 
and Lemma 12.11 we get that bracket on fj^ associated to £ is given by (the 
vanishing bracket are omitted) 

n 

[ e Cb e i]* = «0,i(e-i)el 1 + ^2 ( a o,i(<5j)e* + a 0ii (ej)e*) , 
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[ e o> e*]* = ao,i(e-i)el 1 + ^ (a ,i(ej)e* + d 0) i(ej)e*) , 

i=i 

[e*,e*]* = (Aja ,j(ei) - Aia ,i(ej)) e*Li, 
[e*,e*]* = (-Ajd ,j(ej) - Aja ,j(ej)) 

= iA ; a n ,(( ; • + Xid ,i{ej)) e*_ t i ^ j, 
[e*,e*]* = (Aj-aQj^ej) - AjaojCej)) el x . 

The skew-symmetry of [e*,e*]* and [e*,e*]* and the two expressions of 
[e*, e*j\* give 

Aj(a ,j(ej) - ao,i(ej)) - Aj(a j(ej) - ao,i(ej)) = °j 
-Ai(a ,j(ei) - a ,j(ej)) + Aj(a ,j(ei) - a ,j(ej)) = 0, 
Aj(ao,i(ej) + a ,j(ei)) + Xi(do,i(ej) + a j(ej)) = 0, 
, Aj(a ,i(ej) + aoj(ej)) + A-,(a ,i(e.,) + aoj(ej)) = 0. 

Since the Aj are mutually distinct, these relations are equivalent to 

ao,j(ei)-a ,i(ej) = a j(ei)-d 0yi (ej) = a ^(ej)+a j(ei) = a ,i(ej)+a ,j(ei) = 0. 

(20) 

Put 

r o(eo><) = iao.i(e-i), r (ej;,ej) = -^-a ,;(e_i), 
r o(e*,e*) = ao,i(ej), r o(e*,e*) = -a ,i(ej), 

r (e*,e*) = -a ,i(ej), Vi r o = 0, = a ,j(ei), 

and define J by Jeo = J e _i = 0) = ^i^i and Jej = —aiei. From 
(|2U|) . ro G A 2 g^. The endomorphism J is a derivation which commutes 
with ad e-1 and by comparing the brackets above to (|15p one can see that 
£ = adVo + eo A J. To complete the proof note that since i e *ro = 0, there 
exists r G A 2 S and uq G S such that ro = eo A no + r. □ 

Proof of Theorem 11.21 

1. Let r G A 2 0a be a solution of the generalized classical Yang-Baxter 
equation. Then £ given by = ad^r defines a Lie bialgebra struc- 
ture on g\. By Lemma [2.1[ for any i = l,...,n, adj r(e!_ 1 , = 
a dl_ 1 ^(e!L 1 , ej) = 0. These relations are equivalent to r(e* 1 ,e|) = 
r(e* 1 ,e*) = and hence 

r = r{e* Q , el 1 )e A e_i + e A ii + r , 

where ro G A 2 ^ and uq G <S\ Thus 

£(u) = ad^r = ad+r + 2e A (-aadg^ - -ad„ )(u), 

where r(eQ,el 1 ) = 2a. Now according to Theorem £ defines a 
Lie bialgebra structure iff ro satisfies ([8]) with J = — aad e _ 1 and this 
equivalent to ro satisfies (|10j). 
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2. Let r G A 2 0a be a solution of the classical Yang-Baxter equation. 
In particular, r is a solution of the generalized classical Yang-Baxter 
equation and from 1., 

r = ae A e_i + e A u + r , 

where ro € A 2 ,!? and no £ 5. Now 

[r, r] = [r , r ] + 2ae A ad+^o + 2e A ad^ Q r . 

Now, by using ([6|) and the formula (see [10 ) 

[r ,r Q ](a,P,i) =2a( [r 0# (/3) , r 0# ( 7 )] ) +2/3 ( [r 0# ( 7 ) , r 0# (a)] ) +2 7 ( [r 0# (a) , r 0# (/?)] ) 

(21) 

one can check easily that 

[ro,ro] = 2e A w ro , ro . 

Thus [r, r] = iff 

e A U; r0)ro + aadj^ro + ad+ r ) = 0. 

Since ro € A 2 ^, eo A adj^ro = 0, w r0jro , adj^ro € A 2 ^ and hence the 
equation above is equivalent to (fTT|) . □ 

Proof of Theorem 11.31 



1. We identify (g*, [ , ] r ) to the Lie algebra of left invariant vector fields 
on G* and ( , }* to the restriction of k* to 0*. From the definition 
[ , ]r given by (|12|) and since ad* is skew-symmetric for any u£j, one 
can see easily that, for any a,/3 £ 0*, 

V*,/3 = -ad; #(Q) /3. 

Thus the curvature of V* is given by 

R ( a >Ph = V K/3] r 7 " t V «' V ^T = ad [r # ( Q ),r # (/3)]-r # ([ Ql/3 ] r )7- 

Now, from formula (|2ip one can deduce that 

7 ([r # (a),r # (/3)] - r # ([a, /3} r )) = ~[r, r](a, (3, 7). 

From this relation, we deduce that if r is a solution of dU) then R 
vanishes identically. We return to the general case and we denote by 
u r (a,/3) the element of defined by 

7 K(a,/3)) = ^M(a,/3, 7 ). (22) 
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Thus 

R(a>, /3)7 = ad* r(a) ^7. 
Let us compute V*R. We have, for any a, f3, 7, p € g*, 

(V* p R)(a,P,j) = V;(R(a,P, 7 ))-R(V;a,P, 1 )-R(a,V* p P,j)-R(a,P,V; 1 ) 
= - ad r* # ( P ) < r (a,«7 + ad; r(<#(p)ai ^7 + ad; r(aiad;#(p)/3) 7 

+ ad « r (a,/3) ° ad r # (p)7 

= ad [r # ( P ),« r ( a ,/3)]7 + ad; r(ad ,^ )Qj/3) 7 + ad* r(aiad ^ {p)/3) 7 

= aC C(a,/?)7, 

where 

w(a,/3) = [r # (p),u r (a,/3)] + u r (ad* #(p) a, /3) + u r (a, ad* #(p) /3). 
Now, for any G g*, we have 

/j,(w(a,P)) = ad* #(p) /i(n r (a,/3)) + /i(-u r (ad* #(p) a, + fJ,(u r (a, ad* #(p) /3)) 

^ i[r,r](a,/3,ad; #(p) /i) + i[r, r](ad* #(p) Q!, /?, /x) + ^ [r,r] (a, ad* #(p) £ 

1 13} 

= -(ad r#(p) [r,r])(a,/3,/i) = 0. 

This achieves to show that V*R = and the first part of the theorem 
follows. 

2. According to a result of Aubert and Medina (see [I]), a flat left invari- 
ant pseudo-Riemannian metric on a Lie group is complete if and only 
if this group is unimodular and in this case the group is solvable. □ 



3 Solutions of flS), (ELO]) and QTB) when dimG A < 6 

In this section, We give all the bialgebras structures, all the solutions of 
generalized classical Yang-Baxter equation and all the solutions of the clas- 
sical Yang-Baxter equation on q\ when 0a is generic and dimg^ < 6. When 
dim Qx > 8, we give a large class of solutions. According to Theorems 11.11 - 
fL2l we will solve (|8)l. (fTOjl and (fUjl . 

Note first that if J : Q\ — > Q\ is derivation commuting with ad^ and 
satisfying J(e_i) = J(eo) = then there exists a = (a±, . . . ,a n ) 6 R n such 
that for any i = 1, . . . , n such that 

J(ei) = a^i and J(e;) = -a^. 

We shall denote by J a such an endomorphism. 

When dimg^ = 4, the situation is simple. We have B = {e_i, eo, e\, ei}, 
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S = span{e\,ex} and A 2 S = span{e\ A ei}. Moreover, ad|_ 1 (ei A e\) = 

A(ei A ei) = and w eiA e 1)eiA ei = e x A By applying Theorems 0(01 
we get the following proposition. 

Proposition 3.1 Let ASM and let Q\ be the associated 4- dimensional 
oscillator Lie algebra. Then: 

1- £ : 0A — > A 2 0a defines a Lie bialgebra structure on Q\ if and only if 
there exists a, a € R and uq £ S 1 suc/i i/iai 

= aad+(ei A ei) + e A (J a + ad no )(u). 

2. A bivector r € /\ 2 Q\ is a solution of the generalized classical Yang- 
Baxter equation if and only if r = eo A u + cte\ A e~i, where a £ M and 
u G 0a- 

3. ^4 bivector r S A 2 0a *s a solution of the classical Yang-Baxter equation 
if and only if r = eo A u, where a € M and -u € 0a- 

We return now to the general case. Consider a generic 2n+l-dimensional 
oscillator Lie algebra Q\ and fix a = (oi, . . . , a n ) € M n . For any 1 < i, j < n, 
put 

T^j — 62 A 6j , r^j — 6j A 6j , — C{ A Bj , — 62 A 6j , — 62 A 62 • 

A direct computation gives 

1 

1 1 _ 1 1 _ 

w ti,ry — 2 r " i: '' Uti ' f ^ ~ Ut i' s ij ~ ~2 Si i'> ^ti^ij ~ ~2 Si i 
1 1, 1 1. 

w^.tj = U, u tu tj = 0. 

Fix 1 < i < j < n and let us find the solutions of ©, CGI and HH) of 
the form r = + Cjij + Cjij where p^- G span{rij , fy , Sy, s^}. In order to 
simplify the computations, let us introduce the following new basis: 

We have 

Jl(Eij) = (ai+aj)Eij, = -{a,i+aj)Eij, Jj(i^) = (aj-a^Fij, jJ(Fy) = (aj-a^Fy. 
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Since adj_j = jt, similar relations holds for adj . On the other hand, one 
can see easily that (Eij , Ey , Fij , Fj ) is w-orthogonal and 

Let (a, a, b, b) be the coordinates of pij in (E^ , E^ , F^ , Fj) . From the rela- 
tions above we get 

uj r>r + aad^r = c 2 ii + c 2 tj + (q + Cj)p%j + (b 2 + b 2 - a 2 - d 2 )(ti + tj) 
+a(\i + Xj) (-aEij + aEij) 
+a{\j - Xi) (-bFij + bFij) , 

U r,adl^ x r ~ ( J ° ° ad e-i) r = ^(Ci + Cj)(Xi + Xj) (-dE.j + aEij) 

+\{ci + Cj){Xj - Xi) (-bFij + bFj) 

+(Xi + Xj)(a,i + aj) (aE^ + aEij) 
+ (Xj - Xi)(aj - a-,) (bF^ + bFj) , 



UJ r,ndt_ 1 : 



+ a(ad\ _ t o ad+Jr = -(a + c,-)(Aj + Xj) (-aEij + aEy) 

+\{ci + Cj)(Xj - Xi) (-bFj + bF^) 

-a(Xi + Xj) 2 (aE^ + aE^) 
-a(Xj - Xi) 2 (bF^ + bFij) . 

1. (a) For q ^ 0, r = + Cjtj + Cjtj is a solution of ([TT]) if and only if 

r = 0. 

(b) For q = 0, r = + + Cjtj is a solution of (fTT]l if and only if 
r = aE^ + aEij + bFij + bFj + c(t j — tj- ) and c 2 = a 2 + a 2 — b 2 — b 2 . 

2. (a) For a = 0, r = + Cjtj + Cji,- is a solution of (fTUj) if and only if 

r = Cjtj + Cjtj or r = aE^- + dE^ + + + c(U -tj). 

(b) For a / 0, r = p^- + Cjtj + Cjtj is a solution of (fT0]l if and only if 

T — Ci t i ~\~ Cj tj . 

3. (a) If a\ + a2 ^ and 02 — a± 7^ then r = p^ + Cjtj + Cjtj is a 

solution of © if and only if r = Cjij + Cjij. 

(b) If a\ + a2 = and 02 — 01 ^0 then r = p^ + Cjij + Cjtj is a solution 
of © if and only if r = Citi + Cjtj or r = aEij + dE^ + c(t, — tj). 

(c) If ai + 02 7^ and 02 — ai =0 then r = p^ + Cjij + cyij is a solution 
of ([H]) if and only if r = Cjtj + Cjt,- or r = 6Fy + 6i<y + c(ij — tj). 

(d) If ai = 02 = then r = p^ + Qij + Cjtj is a solution of (JSJ) if and 
only if r = crfi + Cjij or r = a.Ejj + aEij + W*^ + bFj + c(tj — 
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Remark that if r% = Pij + Cjtj + Cjtj and r<i = pik + qi; + Cfctfc are two 
solutions of (jSJ), (flO|) or (fTT|) and {i, j} n {I, k} = then n + r2 is a solution 
of ((HI), (flO|) or (fTTj) . So we can construct a large class of solutions. When 
dim 0a = 6 we have constructed all the solutions. Let us summarize this 
case. 

Proposition 3.2 Let A = (Aj., A2) with Ai < A2 and let Q\ be the associated 
6- dimensional oscillator Lie algebra. Then: 

1- £ : 0A — ► A 2 0a defines a Lie bialgebra structure on Q\ if and only if £ 
has one of the following forms: 

(a) = ad u (ciii + 02*2) + eo A (J a + ad uo )(u), where ci,c 2 G R, 
a G M 2 and no £ S; 

(b) £(«) = &d u (dE 12 + dE 12 + c(h - t 2 )) + e A (J (a _ a) + ad Uo )(n), 
where a, d, d, c G R and no € <SV 

(cj £(n) = ad u (dFi2+a v Fi2+c(ti-t 2 )) + eo A(J (aja )+ad U0 )(n), w/iere 
a, d, d, c G R and no € S; 

(d) £{u) = ad u (dE 1 2 + dE l 2 + bF 1 2 + bF 1 2 + c{t 1 -t 2 )) + e A{&d Uo ){u), 
where b, b, d, d, c G R and no G 5; 

S. A bivector r G A 2 0a w a solution of the generalized classical Yang- 
Baxter equation if and only if r = eo A n + citi + 02^2, where u G 0a 
and ci, c 2 G R, or r = e A n + aEu + aE 12 + &Fi 2 + 0F12 + c(*i - t 2 ), 
where u G 5 and a, a, 0, 6, c G R. 

5. ^4 bivector r G A 2 0a a solution of the classical Yang-Baxter equation 
if and only ifr = eoAn, where a G R andu G 0a, orr = eo An + a£i2 + 
di?i2 + bFi2 + fr-Fi2 + c(ti - £2) w/iere n G 5 and c 2 = a 2 + a 2 - b 2 - b 2 . 

By using Corollary 11.11 and the proposition above, one can prove easily the 
following result. 

Proposition 3.3 Let A = (Ai, A2) with Ai < A2 and let Q\ be the associated 
6-dimensional oscillator Lie algebra. Then for any solution r of the classical 
Yang-Baxter equation (0^, [ , ] r ) is unimodular. 

4 Examples 

1. By using Theorem 11.31 we w hl build an example of 6-dimensional Lie 
groups endowed with a complete left invariant flat Lorentzian metric. 
According to Proposition 13.21 

r = eo A ei + ei A e2 + ei A e2 + ei A ei — e2 A e2 
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is a solution of ([ID on q\ (A = (Ai,A2)). By using (fT5j) . we can check 
that the bracket [ , ] r on g^ associated to r is given by 



l e 0> e lJ»* ~~ — e l ~~ e 2> L e 0' e 2-l»* ~~ e l ' e 2i L e 0' e l J-r ~~ <^l e — 1 ~ e l i e 2i 
[ e 0' ^iJr" = — ^1 ~l~ ^2) [ e 2' ^2^' = [ e l> = [ e l> ^2]'' = I e 2' ^*]r = 0, 

[e^e^r = -[e^e^lr- = -(Ai + A 2 )el x . 

Remark that X = span{e*_i, e*, e^, e*, e^} is an ideal of (g^, [ , ] r ) 
isomorphic to the 5-dimensional Heisenberg Lie algebra and (q* x , [ , ] r ) 
is isomorphic to the semi-direct product of Re^ with I and the action 
is given by the restriction of ad e * to I. Let \i\ be the adjoint invariant 
Lorentzian product on Q\ given by (|13j) . The corresponding symmetric 
bilinear form k^ is entirely determined by the relations 

= 1, k^(e*,e*) =k^(e*,e*) = X h i = 1,2 

and induces, according to Theorem 11.31 a complete flat left invariant 
Lorentzian metric on the connected and simply connected Lie group 
G* x . 

2. Let (g, k) be an orthogonal Lie algebra an r : g* — > g a solution of @. 
If Imr is A;-nondegenerate then g* is a solvable Lie algebra. Indeed, 
under the hypothesis, Imr is a nilpotent Lie algebra (see [TB]) and 
then g* is an extension of a nilpotent algebra by an Abelian algebra. 
Nevertheless, the following example shows that g* can be solvable with 
Imr degenerate. 

Let g = s/(2,R) and let B = {ei, e 2 , 63} the basis of g where 

ei = (o -1)' e2= (o 0) and 63 = ( -1 ) • 

We have 

[ei,e 2 ] = 2e 2 , [ei,e 3 ] = -2e 3 and [e 2 ,e 3 ] = -ei. 
The symmetric 2-form 

k(a, b) = tr(a&) 

is an orthogonal structure on g. The matrix of k and k* in B and B* 
are given by 

/ 2 \ / \ \ 

M(/s,B) = 0-1 and M(fc*,B*) = -1 . 

\ -1 / \ -1 / 
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Let r : q* — > q be a linear endomorphism which is skew-symmetric, 

a b 

i.e., a(r(P)) = — /3(r(a)) for any a, (3 € g*. Denote by I —a c 



-6 -c 



the matrix of r in the basis B* and B. We have 



[r(e\), r(e* 2 )} = [-ae 2 - be 3 ,aei - ce 3 ] 

= a 2 [e 1 ,e 2 }+ ac[e 2 ,e 3 ] + ab[ei,e 3 ] 

= —ace\ + 2a 2 e 2 — 2abe 3 , 

[r(e* 2 ),r(el)} = [ae\ - ce 3 , b&\ + ce 2 ] 

= ac[e 1 ,e 2 ] + bc[e 1 ,e 3 } + c 2 [e 2 ,e 3 ] 

= —c 2 e\ + 2ace 2 — 2bce 3 , 

[r(e 3 ),r(el)] = [be\ + ce 2 , -ae 2 - be 3 ] 

= -ab[ei,e 2 ] - 6 2 [ei,e 3 ] - bc[e 2 ,e 3 ] 

= bcei — 2abe 2 + 2b 2 e 3 . 

The endomorphism r is a solution of @ if and only if 

^3 (Hel),r(e* 2 )]) + e\ ([r(e* 2 ), r(e* 3 )]) + e* 2 ([r(e$), r(ej)]) = 0. 

This equation is clearly equivalent to 

4a6 + c 2 = 0. (23) 

Let r be a solution of dU). It induces on q* a Lie bracket given by (fT2"j) . 
A direct computation gives 

[e*, e 2 ] r = -2ae\ - ce 2 , [e[,e* 3 } r = 2be\ - ce 3 , [e 2 , e* 3 ] r = 2be 2 + 2ae 3 . 

One can see easily that if r is non zero then the derived ideal [q* , Q*] r is 
abelian and of dimension 2 and hence q* is isomorphic to a semi-direct 
product of a plan by a line where the action of the line is given by the 
identity. 

According to Theorem 1 1.3 1 the connected and simply connected Lorentzian 
Lie group associated to (fl*, [ , ] r , k*) is flat and non complete. 
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